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Laguerre-Gauss (LG) modes represent an orthonormal basis set of solutions of the paraxial wave
equation. LG are characterized by two integer parameters n and ` that are related to the radial
and azimuthal profile of the beam. The physical dimension of the mode is instead determined by
the beam waist parameter w0: only LG modes with the same w0 satisfy the orthogonality relation.
Here, we derive the scalar product between two LG modes with different beam waists and show
how this result can be exploited to derive different expansions of a generic beam in terms of LG
modes. In particular, we apply our results to the recently introduced Circular Beams, by deriving a
previously unknown expansion. We finally show how the waist parameter must be chosen in order
to optimize such expansion.
I. INTRODUCTION
Laguerre-Gaussian (LG) beams are exact solutions of
the free-space paraxial wave equation in circular cylindri-
cal coordinates. They form a complete base of orthogo-
nal modes under which any paraxial optical field can be
expanded. Moreover, LG modes carry Orbital Angular
Momentum (OAM) and their importance has raised to-
gether with the recent developments [1] in applications
of OAM for communication [2–5], imaging [6–8] and fun-
damental physics [9–11].
LG beams are defined in term of two integer numbers
n, ` ∈ Z with n ≥ 0: the value of n determines the radial
profile of the LG mode, while ` is related to the OAM
content of the beam [12]. LG modes are also character-
ized by two dimensional quantities, the beam waist w0
and its location d0 along the propagation axis: these two
quantities can be encoded in a single complex parameter
q0 ≡ −d0 + iz0, where z0 = κw20/2 > 0 is the so called
Rayleigh range and κ is the wavenumber [13]. While d0
can be arbitrarily changed by a translation on the prop-
agation axis, the beam waist parameter w0 determines
the physical scale of the LG modes. It is worth noticing
that only LG with the same q0 form a complete basis of
orthogonal modes.
In the present work we will evaluate the overlap inte-
gral of two LG modes with different complex parameters
q0 and q
′
0. We will show that such overlap, besides the
radial and angular parameters, depends only on a single
adimensional complex variable given by a combination of
q0 and q
′
0. We will show how such result can be exploited
in finding new expansions of generic beams in terms of
LG modes and in particular we will apply our method to
the recently introduced Circular Beams [14, 15].
II. SCALAR PRODUCT OF LG MODES
In this section we calculate the scalar product (defined
by an overlap integral) between two LG modes with dif-
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FIG. 1. Intensity at z = 0 of two LG modes with different
beam parameters q0 and q
′
0 and radial numbers n = 0 and
n′ = 1. We used q0/z0 = i and q′0/z0 = iγ with γ = (1 + i)/4.
Despite that n′ 6= n, the two beams are not orthogonal and
their overlap integral is G(γ) ' −0.46 + 0.23i (see Eq. (3)).
In the right panel we also show the two beam radii σ(z) as
defined in [16].
ferent beam parameters. Our conventions for the normal-
ized LG modes in cylindrical coordinates x = (r, φ, z) are
those used in Ref. [15]. The LG field is usually written
in term of the Gouy phase eiζ(z)and the beam size w(z).
We here use an alternative notation, based on the Sieg-
man complex parameter q(z) = z+ q0. By recalling that
the Gouy phase and the beam size are related to q(z)
by eiζ(z) = i|q(z)|/q(z) and w(z) = |q(z)|√2/(κz0), the
(normalized) LG mode can be explicitly expressed as
LG
(q0)
n,` (x) =
√
n!
pi(|`|+ n)! (−
q∗(z)
q(z)
)
n
e−
iκr2
2q(z)
r
×
(
i
√
κz0
q(z)
r)
|`|+1
L|`|n
(
κz0r
2
|q(z)|2
)
ei`φ ,
(1)
with L
|`|
n (t) the generalized Laguerre polynomial.
We now derive the scalar product 〈LG(q′0)n′,`′ |LG(q0)n,` 〉 be-
tween two LG modes characterized by different beam pa-
rameters q0 and q
′
0 ≡ −d′0 + iz′0. The scalar product be-
tween two generic beams Ψ(x) and Φ(x) is defined by the
overlap integral 〈Ψ|Φ〉 = ∫ 2pi
0
dφ
∫ +∞
0
dr rΨ∗(x)Φ(x). If
Ψ(x) and Φ(x) satisfy the paraxial wave equation, 〈Ψ|Φ〉
is invariant under the following transformations applied
to both beams: the translation along the propagation
axes T : Ψ(r, φ, z) → Ψ(r, φ, z + d) and the rescaling
of the axis S : Ψ(r, φ, z) → √sΨ(√s r, φ, sz). For the
LG modes, the two above transformations can expressed
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2in term of the complex parameter q0 as T : LG(q0)n,` →
LG
(q0+d)
n,` and S : LG(q0)n,` →
√
sLG
(q0/s)
n,` . Then, the scalar
product between two LG modes must depend only on a
combination of d0, d
′
0, z0 and z
′
0 that is invariant under
the two above transformations applied to q0 and q
′
0. A
possible invariant combination is the following (adimen-
sional) complex variable:
γ =
z′0
z0
+ i
d′0 − d0
z0
. (2)
The variable γ can be equivalently defined by the implicit
relation q′0 = −d0+iγz0. A single constraint on γ, namely
<e(γ) > 0, is required due to the conditions z′0, z0 > 0.
It is easy to show that the parameter γ defined by Eq.
(2) is invariant under the two transformations T and S.
Moreover, γ has a simple physical interpretation: its real
part is the square of the beam waist ratio and it is thus
related to the physical sizes of the two LG beams. Its
imaginary part is the distance between the locations of
the two beam waists measured in units of z0.
The LG modes defined in Eq. (1) and with the same q0
are orthonormal with respect to the above defined scalar
product, namely 〈LG(q0)n′,`′ |LG(q0)n,` 〉 = δn,n′δ`,`′ . On the
other hand, as demonstrated in appendix A, the scalar
product between two LG modes with different beam pa-
rameters q0 and q
′
0 is given by
〈LG(q′0)n′,`′ |LG(q0)n,` 〉 = δ`,`′G(γ)n′,n,` , (3)
where
G
(γ)
n′,n,` =
√(|`|+ n
n
)(|`|+ n′
n′
)
τ1
1+|`|τn2 τ
n′
3 ×
2F1(−n,−n′, |`|+ 1; τ
2
1
τ2τ3
) , (4)
and the parameters τj depend on the complex variable γ
defined in Eq. (2) as follow:
τ1 ≡ 2
√<e(γ)
1 + γ∗
, τ2 ≡ 1− γ
∗
1 + γ∗
, τ3 ≡ γ − 1
1 + γ∗
. (5)
We recall that the Hypergeometric polynomial 2F1 in Eq.
(4) is defined by using the Pochhammer symbol (a)k ≡
Γ(a+ k)/Γ(a) as1 2F1(−n, b, c; z) =
∑n
k=0
(−n)k(b)k
(c)k
zk
k! .
If q′0 6= q0, LG modes with different radial numbers
n and n′ may become not-orthogonal (see Fig. 1), while
modes with different OAM remains orthogonal due to the
factor δ`,`′ in Eq. (3). When q
′
0 = q0, Eq. (3) reduces
to the standard orthogonality relation of the LG modes,
as expected. Indeed, for q′0 → q0, we obtain γ → 1 and
G
(γ)
n′,n,` → δn,n′ .
1 We note that (n)k =
(n+k−1)!
(n−1)! and (−n)k = (−1)k n!(n−k)! for
n, k ∈ N.
The scalar product between LG modes with different
beam parameters can be used to optimize the expansion
of a generic beam. Indeed, if a given expansion in term of
LG modes is known, e.g. Ψ(x) =
∑
n,` ψn,`LG
(q0)
n,` (x), by
exploiting Eq. (3) the same field can be also expressed
as Ψ(x) =
∑
n′,` ψ
′
n′,`LG
(q′0)
n′,`(x) where
ψ′n′,` =
∑
n
ψn,`G
(γ)
n′,n,` . (6)
While the expansion of Ψ(x) is unique at a given q0
(indeed the LG modes represent a complete basis), by
changing the beam parameter to q′0, a different expan-
sion is found. It is worth noticing that, if the expan-
sion is truncated such as
∑
n≤N
∑
|`|≤L ψn,`LG
(q0)
n,` (x),
the resulting beam may differently approximate the orig-
inal beam depending on the choice of the parameter q0.
Then, the choice of the correct value of the beam waist
size w0 and its location d0 for the LG modes is essential
for obtaining a faithful approximation in a truncated ex-
pansion. We now apply the above considerations to the
Circular Beams.
III. APPLICATION TO CIBS
Circular Beams (CiBs) represent a very general so-
lution of the paraxial wave equation in cylindrical co-
ordinate [14]. They generalize many well known beam
carrying OAM, such as the elegant LG modes [17], the
Hypergeometeric-Gaussian (HyGG) beams [18, 19] or the
optical vortex beam [20]. The CiBs are determined by
three complex parameters ξ, q0 and p and one integer
parameter ` ∈ Z related to the OAM content [16, 21].
The parameter ξ is related to the beam shape and spe-
cific values identify some well known beams; q0 is related
to the physical scale (similarly to the q0 parameter of the
LG modes) while p defines the radial index.
As demonstrated in [15], the expansion of a CiB in
terms of LG mode is written as:
CiB
(q0,ξ)
p,` (x) =
+∞∑
n=0
CnLG
(q0)
n,` (x) , (7)
with
Cn = C0
ξn(−p/2)n√
n!(|`|+ 1)n
(8)
and C0 = ( 2F1[−p2 ,−p
∗
2 , 1 + |`|, |ξ|2])−1/2 is determined
by normalization and we used again the Pochhammer
symbol. In the notation of Cn, for simplicity we dropped
the dependence on ξ, p and `. The above expansion is
correct only for some subsets of the beam parameters
that correspond to a square integrable CiB [15]. When
|ξ| < 1 the expansion in Eq. (7) is always well defined;
if |ξ| = 1 it is required that <e(p) > −`− 1, while when
|ξ| > 1 the parameter p should be chosen as p/2 ∈ N.
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FIG. 2. Approximation by LG modes of a CiB
(q0,ξ)
p,` with
ξ = 1, ` = −p = 2 and q0/z0 = 0.2 + i. The CiB is
compared with the truncated expansions
∑N
n=0 CnLG
(q0)
n,` and∑N
n=0 C
′(γopt)
n LG
(q′0)
n,` in the left and right graph respectively,
for different value of N . The optimized expansion is ob-
tained by choosing γopt = 1/3 according to Eq. (15). In
the right figure the N = 0 and N = 1 expansions coincide
since C
′(γopt)
1 = 0.
It is worth noticing that in Eq. (7), the CiB and the LG
modes are defined with the same complex parameter q0
(and the same `). By using the result of Eq. (3), we may
now expand a CiB in terms of LG modes with a different
beam parameter q′0. As explained in the previous section,
the new expansion can be written as
CiB
(q0,ξ)
p,` (x) =
+∞∑
m=0
C ′(γ)m LG
(q′0)
m,` (x) , (9)
where C
′(γ)
m =
∑
n CnG
(γ)
m,n,` according to Eq. (6). As
demonstrated in appendix B, the new coefficients C ′n can
be explicitly evaluated as
C
′(γ)
n
C
′(γ)
0
= τn3
√(|`|+ n
n
)
2F1(−n, −p
2
, |`|+ 1, ξτ
2
1
τ3(ξτ2 − 1)) ,
C
′(γ)
0 = C0τ1
1+|`|(1− ξτ2)p/2 . (10)
with the τj parameters defined in Eq. (5). Eq. (9)
and Eq. (10) represent, to our knowledge, a previously
unknown expansion of the Circular Beam in terms of LG
modes.
As already anticipated, by changing γ (or equiva-
lently q′0), a truncated expansion of the form T
(γ)
N =∑N
k=0 C
′(γ)
k LG
(q′0)
n,` (x) can be optimized. The larger is the
value of the overlap probability P ′N (γ) =
∑N
k=0 |C ′(γ)k |2 =
|〈T (γ)N |CiB(q0,ξ)p,` 〉|2, the better the truncated expansion
approximates the original beam. As an example, we will
find the value of γ that optimize the expansion truncated
to the first terms (namely for N = 0): in other words, we
will look for the value of γ that maximize the probability
P ′0(γ) = |C ′(γ)0 |2 = |C0|2 ·
∣∣∣τ2+2|`|1 (1− ξτ2)p∣∣∣ . (11)
Maximizing P ′0 corresponds in finding the LG mode with
lowest radial number, namely LG
(q′0)
0,` , that better approx-
imates the CiB. As shown in appendix C, by defining the
0 1 2 3 4 5 6
n
0
0.2
0.4
0.6
0.8
1
|Cn|
2 (original expansion)
|C ′n|
2 (optimal expansion)
Pn =
∑
n
k=0 |Ck|
2
P
′
n =
∑
n
k=0 |C
′
k
|2
FIG. 3. |Cn|2 and overlap probability Pn between the CiB
and the truncated expansion (with the same parameters of
Fig. 2).
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FIG. 4. P0 and P
′
0(γopt) for the ξ = 1, p = −|`| beams.
phase of ξ as 2ϕ, (i.e. ξ = |ξ|e2iϕ), the value of γ that
maximize P ′0 is given by
γopt =
γ+ cosϕ− i sinϕ
cosϕ− iγ+ sinϕ , (12)
where
γ+ =
α+
√
α2 + |β|2(1− |ξ|2)
β(1 + |ξ|) (13)
and
α = 1 + |`|+ <e(p) , β = 1 + |`||ξ| − i=m(p) . (14)
A remarkable property is related to the value of the
second expansion coefficient. When γ = γopt, in the ex-
pansion of Eq. (9) the coefficient of the LG mode with
radial number n = 1 is vanishing. Indeed, By insert-
ing γopt into Eq. (10) it is possible to demonstrate that
C
′(γopt)
1 = 0.
An important sub-case is obtained for |ξ| = 1,
namely when the CiBs reduce to the (generalized) HyGG
modes [15, 18, 19]. As demonstrated in [15, 18], the
HyGG modes have a very simple profile at the plane z =
d0 + iz0
ξ−1
ξ+1 , given by HyGG ∝ rp+|`| exp(− ξ+12ξ r
2
w20
+ i`φ)
and thus can be easily generated experimentally. For
such beams, the optimal γopt reduces to a very simple
expression
γopt = 1 +
2pξ
2 + 2|`|+ p∗ − pξ , for |ξ| = 1 . (15)
As an example, in Fig. 2 and 3 we show the truncated
approximation of a CiB
(q0,ξ)
p,` with ξ = 1, ` = −p = 2
4and q0/z0 = 0.2 + i for two values of γ. In the left
plot of Fig. 2 we used LG modes with the same q0 of
the CiB (corresponding to γ = 1). In the right plot
of Fig. 2 we used γ = 1/3 (i.e. q′0/z0 = 0.2 + i/3),
representing the optimal value obtained by Eq. (15) and
corresponding to LG modes with a beam waist shrank
by a factor
√
3 with respect to the γ = 1 case. The
figures clearly show that with the optimized value of γ,
the truncated expansion better approximates the CiB for
lower values of N . Indeed, in this specific case, more
than 84% of the CiB energy is contained in the first LG
mode with optimized q′0 (LG
(q′0)
0,2 ), while to obtain the
same energy it necessary to sum the first six LG modes
with the original q0 parameter. This improvement holds
also for higher values of ` as shown in Fig. 4.
IV. CONCLUSIONS
The scalar product between two LG modes with differ-
ent beam parameters q0 and q
′
0 was explicitly evaluated
(see Eq. (3)) and it was used to find new expansions
of generic beams in terms of LG mode. By the above
results, a previously unknown expansion of the Circular
Beams is obtained (see Eq. (9) and Eq. (10)). Finally,
the value of the LG beam parameter q′0 that optimizes
the overlap probability of the LG0,` mode with the CiB
has been found (see Eq. (12)). Our results have impor-
tant applications in OAM generation, manipulation and
detection, since they allow to precisely determine and op-
timize the expansion of a generic beam in terms of LG
modes, the fundamental beam carrying OAM. The case
studied in Eq. (15) is particularly relevant for experi-
ments since CiBs with |ξ| = 1 can be easily generated
experimentally [18, 21].
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Appendix A: Laguerre polynomial integral
We now demonstrate the result stated in Eq. (3).
Integration over the angular variable give rise to the
δ`,`′ factor in Eq. (3). After changing variables in the
radial integration, 〈LG(q′0)n′,`′ |LG(q0)n,` 〉 is proportional to a
single integral involving two Lauguerre polynomials as∫∞
0
dt t`e−ctL|`|n (at)L
|`|
n′ (bt) with c =
i
2
q′∗0 −q0
q0q′∗0
, a = z0|q0|2
and b =
z′0
|q′0|2 . We note that <e(c) =
a+b
2 > 0. Eq. (4) is
derived by evaluating the above integral as:
c`+1
`!
∫ +∞
0
dt t`e−ctL`n(at)L
`
n′(bt) =
(
`+ n
`
)(
`+ n′
`
)
×
(1− a
c
)n(1− b
c
)n
′
2F1(−n,−n′, `+ 1; ab
(c− a)(c− b) ) .
(A1)
Eq. (A1), holding when <e(c) > 0 and n, n′ and ` are
non negative integers, is obtained by expressing the two
Laguerre polynomials in term of their generating function
as
L`n(x) =
1
n!
(
d
dη
)n
[
1
(1− η)`+1 exp(−
x
1− xη)
]∣∣∣∣
η=0
(A2)
and then evaluating the Gaussian integral. The fi-
nal result is demonstrated by recalling that w(η, x) =
(1− η)b−c/(1− η + xη)b is the generating function of the
hypergeometric polynomial, namely
dnw(η, x)
dηn
∣∣∣∣
η=0
=
(c+ n− 1)!
(c− 1)! 2F1(−n, b, c;x) . (A3)
Appendix B: New expansion of the CiB
According to Eq. (6), the coefficient of the new expan-
sion are given by C
′(γ)
m =
∑
n CnG
(γ)
m,n,`. By using the
coefficient Cn defined in Eq. (7) we obtain:
C
′(γ)
n′ =C0
∑
n
ξn(−p/2)n√
n!(|`|+ 1)n
G
(γ)
n′,n,`
=C0τ1
1+|`|τn
′
3
√(|`|+ n′
n′
)
× (B1)
∞∑
k=0
(−n′)k
(|`|+ 1)kk! (
−τ21
τ2τ3
)k
+∞∑
n=k
(ξτ2)
n
(n− k)! (
−p
2
)n .
In the last equality we used the definition of the Hy-
pergeometric polynomial and we switched the sums
over k and n. We now exploit the following relation∑+∞
n=k
zn
(n−k)! (−a)n = zk(1 − z)a−k(−a)k, holding when
|z| < 1 and ∀a or when |z| > 1 and a ∈ N. When
|ξ| ≤ 1 we have |τ2| < 1 (since <e(γ) > 0) and the sum
over n in the r.h.s. of Eq. (B1) always converges to
(1 − ξτ2)p/2(−p/2)k( ξτ21−ξτ2 )k. When ξ > 1, square inte-
grability of the CiB requires p = 2m with m ∈ N: in this
case the sum over n in Eq. (B1) converges to the same
value since all the terms with n > m vanish due to the
factor (−p/2)n = (−m)n. Then we obtain
C ′(γ)n =C0τ1
1+|`|(1− ξτ2)p/2τn3
√(|`|+ n
n
)
×
n∑
k=0
(−n)k(−p/2)k
(|`|+ 1)k
1
k!
(
ξτ21
τ3(ξτ2 − 1))
k .
(B2)
5The sum over k, due to the term (−n)k, is limited to n
and it converges to the hypergeometric polynomial. We
have thus demonstrated Eq. (10) of the main text.
Appendix C: γ optimization
The value of γ that maximize P ′0(γ) of Eq. (11) is
found by solving the equation |γ|2(ξ + 1) + 2i=m(γ) −
2ξ(1 + p|`|+1 )<e(γ) + ξ − 1 = 0 obtained by imposing
∂P ′0
∂γ = 0. When ξ = |ξ|, the above equation is solved
by γ± =
α±
√
α2+|β|2(1−|ξ|2)
β(1+|ξ|) , with α and β defined in Eq.
(14). When |ξ| ≤ 1 only the γ+ solution is physical since
γ− does not satisfy the condition <e(γ) > 0. For |ξ| > 1
the solution γ− is physical but it becomes a saddle point
and not a maximum for P0. Then, when ξ = |ξ|, the value
of γ that maximize P0 is given by γ+ defined above.
When ξ 6= |ξ| the solution of the maximizing equa-
tion can be found by exploiting the properties of the
CiBs under generic optical transformation defined by the
ABCD law [22]. As detailed in [21], the beam param-
eters ξ and q0 are transformed as ξ → ξ1 = ξCq
∗
0+D
Cq0+D
and q0 → q1 = Aq0+BCq0+D when the CiB passes through
an optical system defined by the matrix M = (A BC D ).
If ξ 6= |ξ| we may use the ABCD law to transform ξ
into ξ1 such that ξ1 is real and positive. If ξ = |ξ|e2iϕ,
the required matrix Mξ has parameters A = D = 1,
B = 0 and C = 1d0+z0 cotϕ : for such values we have
ξ1 = |ξ|. In this system the LG expansion is optimized
with q′1 = <e(q1) + iγ+=m(q1). By inverting the trans-
formation with M−1ξ , the optimal q
′
0 can be found, from
which γopt = −i q
′
0+d0
z0
= γ+ cosϕ−i sinϕcosϕ−iγ+ sinϕ . We have thus
demonstrated Eq. (12) of the main text.
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